Introduction
Let G be a finite group and Ma finitely generated ZG-module which is Z-torsion free (also known as a ZG-lattice).
It is well known that /G 1 annihilates fi*(G,M); however, there are few results relating the occurrence of exponents with representation-theoretic properties of M. In this paper we find restrictions on ZG-lattices with highest exponent in Tate cohomology.
The first one holds for any finite group: Theorem 1.1. Let G be a finite group and let M be a finitely generated ZG-lattice.
If @(G, M) has exponent 1 G ) , then M = Z @ K for some ZG-lattice K.
In particular, this implies that the property of having a direct summand of a module isomorphic to Z is locally determined. Using dimension-shifting over p-subgroups of G, we obtain a restriction on Consider the associated long exact sequence in cohomology In other words, the property of having a direct summand of a module isomorphic to Z is locally determined.
For the next application of Theorem 1.1 we recall the definition of the Heller operator Q'(N) for a finitely generated iF,G-module N, when G is ap-group. Take a free module F which maps onto N, @ : F-t N. We may write its kernel as Q(N)@F', where F' is projective, and Q(N) has no projective submodules.
Q(N) is unique up to isomorphism
and independent of the choice of F and @ (see [2] ). In-
ductively, define O"(N) = Q(PP'(N))
for n > 1. Since FPG is a Frobenius algebra we may define Q-l(N) dually and Q;2-"(N)=(Q;2-"i'(N)) for n>l.
Corollary 1.3. If M is a ZG-lattice such that exp t?'(G, M) = 1 Cl, then for any psubgroup P of G where Fp is the trivial [F,P-module.
Proof. We can assume G is a p-group. Now let I@ be a dimension-shift
Then by Theorem 1.1, ME Z@K. As this shifting is done with torsion-free modules, we may reduce modp to obtain
sz~'(MO[F,)OF~MO1F,~IF,O(KO[F,)
where F is projective. Applying Q' to both sides completes the proof. Here E is the augmentation followed by reduction mod 1 G 1. Then K@ Zcpj = ('GO~(,,)O~(,,.
A cohomological characterization using exponents
We have seen that lattices with highest exponent are quite restricted. In this section we show how cohomological exponents also greatly restrict the structure of a group when they are small. [4] ) and for p odd there is only one, of order p3, described as follows:
generators:
A, B, C, relations:
C=[A,B], [C,A]=[C,B]=l=AP=BP=CP.
However a cohomology calculation by Lewis [3] shows that this group has exponent p2 infinitely often in its cohomology.
Using Even's result again, we would have p2 j n. In any case we get a contradiction, thus completing the proof. 0
To conclude the paper we mention a conjecture generalizing Theorem 2.1 for pgroups.
Conjecture.
Let G be a finitep-group. If H*(G, Z) contains an element of exponent p", then it contains infinitely many.
